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ABSTRACT  
 
In this work it is presented a numerical study about geometrical evaluation 
of heat transfer in solids with volumetric heat generation and complex 
intruded cavity for cooling the wall by means of Constructal Design. 
Several cavities with varied shapes have been evaluated in literature, such 
as I-, T- and H-shaped cavities. The purpose here is to evaluate a complex 
cavity that combines different elemental shapes. More precisely, the 
resultant cavity is a merge between a H-shaped cavity and a I-shaped one, 
forming a ramified geometry, which is more expected in the flow between a 
point and volume in systems with high magnitude. The main purpose is to 
minimize two times the maximal temperature in the solid domain (Tmax). 
Here two degrees of freedom are defined for the cavity: H1/L1 (ratio 
between the second branch thickness and its length) and H0/L0 (ratio 
between the third branch height and its thickness) and the area of cavity is 
the constraint. For each geometrical configuration the heat diffusion 
equation is solved with the Finite Element Method (FEM). Results showed 
that differences of until five times between the optimal shapes and the worst 
ones are achieved, showing the importance of application of Constructal 
Design in the problem. Moreover, the best performance is achieved when 
the vertical branches are fully intruded in the solid domain for intermediate 
lengths of horizontal branch. 
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NOMENCLATURE 
 
H0 height of vertical lateral cavities, m 
H1 thickness of horizontal branch, m 
H2 height of elemental branch, m 
L0 thickness of vertical lateral cavities, m 
L1 length of horizontal branch, m 
L2 thickness of elemental branch, m 
Tmax Temperature field 
Tmin  Initial temperature 
T  Temperature (ºC or K) 
x,y  Cartesian coordinates (m), 
q'''  volumetric rate heat generation (W//m³) 
 
Subscripts  
 
m minimum 
o optimum 
 
INTRODUCTION 
 
The employment of cavities for cooling solids 
with internal heat generation have represented a wide 
topic of study in the literature. However, depending 
on the adopted cavity geometry, the evaluation of 
geometry effects over temperature fields could 
represent a non-trivial task. Several cavity shapes has 
been evaluated in literature: I-shaped, T-shaped, Y-
shaped, H-shaped (Biserni et al., 2004; Xie et al., 
2010; Lorenzini et al., 2013; Lorenzini et al., 2014; 
Gonzales et al., 2015; Biserni et al., 2007). A merge 
of elemental cavities has also been evaluated in 
literature, e.g., T-Y-shaped cavities, T-Y-shaped 
cavities with lateral intrusions (Lorenzini and Rocha, 
2009, Lorenzini et al., 2012). Results for combined 
cavity shapes has demonstrated that this kind of 
evaluation can be a good strategy for improvement of 
thermal performance of this kind of flow system.  
For all above mentioned studies, Constructal 
Design was employed for geometric evaluation of 
cavity shapes. Constructal Design is a method of 
constraints and objectives and is based on a physical 
principle. This principle is named Constructal Law of 
design and evolution. This physical law states that a 
finite flow system (animate or inanimated) with 
freedom to morph along the time will evolve in such 
way to improve the access to the internal currents that 
flow through it (Bejan, 2000; Bejan and Lorente, 
2008; Bejan and Zane, 2012; Bejan, 2016). In the 
engineering field, the method has been used in 
several other problems beyond the design of cavities 
as, solid mechanics (flow of stresses), refrigeration, 
convective flows and renewable energy (Helbig et al., 
2016; Rodrigues et al., 2015; Dos Santos et al., 2014; 
Vieira et al., 2017). 
In the present work, it is evaluated the geometry 
of a complex shaped cavities intruded into square 
conducting solid wall with internal heat generation. 
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The complex cavity shape combined two different 
shapes: H-shaped cavity and I-shaped one. In the 
present problem, the system is submitted to one 
constraint (the area of the cavity) and two degrees of 
freedom are evaluated: H0/L0 (ratio between the third 
branch height and its thickness) and H1/L1 (ratio 
between the second branch thickness and its length) 
and the purpose is to reach to a geometry which 
minimizes the maximal temperature (Tmax) inside the 
solid domain. Other geometric variables are kept 
constant in the present study: L2 = 0.2 m (thickness of 
main branch), HA = 0.45 m (lower half height of main 
branch) and H2 = 0.9 m (total height of the main 
branch). For each evaluated geometry, the heat 
diffusion equation is solved with the Finite Element 
Method (FEM), more precisely using the Partial 
Differential Equation Toolbox (PDETOOL) of 
software MATLAB (MATLAB, 2000).  
 
MATHEMATICAL AND NUMERICAL MODEL 
 
The heat transfer in the solid domain with 
internal heat generation at the steady state in a two 
dimensional domain is modeled with the heat 
diffusion equation, given by: 
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where k is the thermal conductivity (W/mK), T is the 
temperature field (ºC or K), x and y are Cartesian 
coordinates (m), q''' is the heat generated in the solid 
domain per unit volume (W/m³). For the geometric 
evaluation it is required the solution of Eq. (1) for 
each different studied configuration. 
The evaluated problem domain is illustrated in 
Fig. 1. The heat is generated in the internal solid 
domain and the cavity acts as a heat sink. Concerning 
the boundary conditions, the external solid surfaces 
are adiabatic, which means, is imposed a null heat 
flux. While in the cavity surfaces, it is imposed a 
prescribed lowest temperature (Tmin = 0ºC). 
For the acquisition of numerical solution of Eq. 
(1), it was used a discretization method named Finite 
Element Method (FEM). The PDETOOL 
implemented in MATLAB software uses this 
numerical method to solve differential equations. 
Figure 1 also show the geometry variables that 
defines the cavity and the solid domain. 
Before to perform the geometrical evaluation it 
is necessary to evaluate the mesh quality employed in 
the present simulations. In this sense, it is performed 
a grid independence test. The mesh employed in 
PDETOOL is unstructured and composed of 
triangular finite elements. For each grid refinement 
the number of elements is increased four times. Here, 
the way of verification if the mesh refinement is 
acceptable is comparing the highest temperature 
inside the solid domain adopting a stop criterion that 
considers the approximation of the temperature from 
the previous acquired value. In this paper it was 
adopted a stopping criteria of 5.0 × 10-4. Hence, 
comparing the temperature of the current mesh with 
the posterior. Once the stopping criteria is obtained, 
the temperature field will show a low variation with 
the mesh refinement, and for practical reasons, must 
be considered that the solution will not affect the 
result significantly. With this procedure, the present 
solution is independent of the mesh, which means, 
does not depend anymore on the mesh refinement. 
The Table 1 shows the mesh independence test for 
the proposed complex cavity solid with the following 
geometric configurations: HA = 0.45 m, H2 = 0.9 m, 
L2 = 0.2 m, L1 = 0.5 m, H1 = 0.1 m, H0 = 0.4 m and 
L0 = 0.1 m. 
 
 
 
 
Figure 1. Evaluation domain and complex cavity. 
 
 
Table 1. Independence mesh test. 
Elements Tmax (°C) 
Stopping criteria:  
5.0 ×10-4 
181 0.0360149 2.9143 × 10-2 
632 0.0370960 1.1895 × 10-2 
2347 0.0375426 4.8627 × 10-3 
9029 0.0377260 1.9845 × 10-3 
35401 0.0378010 8.0664 × 10-4 
140177 0.0378316 4.5775 × 10-4 
557857 0.0378489 ---------------- 
 
The next step is to define the problem restriction 
and degrees of freedom according to constructal 
design method. 
The degrees of freedom on the proposed 
geometry tends to evaluate how different geometric 
configurations could contribute on the acquisition of 
the temperature field (Tmax). The main objective to 
investigate these configurations is to found 
geometry(ies) which minimize Tmax. For the proper 
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implementation, it is necessary to respect the total 
cavity area, since the height and width ratio does not 
violate the initial area proposed on the problem 
domain. This paper defined two degrees of freedom, 
identified by the ratios H0/L0 and H1/L1. Figure 2 
illustrates the degrees of freedom location on the 
geometry domain.  
 
 
 
Figure 2. Illustration of the degrees of freedom 
evaluated in the present problem. 
 
As previously stated, the problem is submitted 
to two restrictions, the area of solid domain and the 
cavity area, which are given by: 
  
A = HL (2) 
  
Ac = H2L2 + H1L1 + 2H0L0 (3) 
  
where the ratios that defines the degrees of freedom 
are given by H0/L0 and H1/L1. In the present problem, 
it is considered that the variables H2 and L2 are fixed. 
In this sense, the geometrical evaluation of the 
problem is shared in two steps. In the first step, the 
ratio H0/L0 is varied while the ratio H1/L1 is kept 
fixed. The lowest maximal temperature found is the 
once minimized maximal temperature, (Tmax)m, and 
the corresponding geometry is the once optimized 
ratio (H0/L0)o. In the second step, other magnitude of 
the ratio H1/L1 is simulated and the effect of the ratio 
H0/L0 over Tmax is re-evaluated. This process is 
repeated for several ratios of H1/L1. The lowest 
magnitude of maximal temperature is the twice 
minimized maximal temperature, (Tmax)mm, and the 
optimal ratios are (H1/L1)o and (H0/L0)oo. Figure 3 
illustrates a flowchart of the geometrical optimization 
performed here. It is worthy to mention that the 
exhaustive search is employed for optimization of the 
problem. 
 
 
 
Figure 3. Flowchart of the optimization process 
employed in the present problem. 
 
RESULTS AND DISCUSSION 
 
The first analysis consists on the evaluation of 
the effect of the ratio H0/L0 over the maximal 
temperature obtained in the solid domain (Tmax). 
Figures 4 and 5 show this effect for several ratios of 
H1/L1. Figure 5 detailed the effects of ratio H0/L0 
over Tmax for the best ratios of H1/L1. As can be 
noticed, for most ratios H1/L1 the best performance is 
achieved for the highest possible ratio of H0/L0, i.e., 
(H0/L0)o = 0.95, with exception for the lowest ratios 
of H1/L1 ≤ 0.30, where intermediate optimal ratios of 
(H0/L0)o are found. Results also shown that the best 
shape reaches to thermal performances several times 
higher than that reached for the worst shapes. For 
instance, for H1/L1 = 0.6 the optimal shape, (H0/L0)o 
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= 0.96 is 5 times superior than the worst shape, H0/L0 
= 0.25. 
 
T m
ax
 
 
Figure 4. Effect of the ratio H0/L0 over Tmax for 
H1/L1 ≤ 0.60. 
 
T m
ax
 
 
Figure 5. Effect of the ratio H0/L0 over Tmax for 
H1/L1 ≥ 0.60. 
 
In Figures 4 and 5 it can also be noticed that 
there is an intermediate ratio of H1/L1 which leads to 
the best thermal performance, i.e., when (H1/L1)o = 
0.6. Results in general show that the best 
performance is achieved when the vertical branches 
has the highest possible intrusion and the horizontal 
branch has an intermediate insertion in the solid 
domain.  
In order to illustrate the effect of the ratio H0/L0 
over the thermal field into the solid domain, Fig. 6 
illustrates the temperature fields for some 
configurations with different ratios of H0/L0. It is 
possible to notice that for the lowest ratios of H0/L0, 
i.e., for the lowest intrusion of lateral branches, four 
points of hot spots are achieved. As the ratio H0/L0 
increases the four hot spots are distributed in two 
lines of higher temperature. Results showed that the 
best performance is achieved when the hot spots are 
better distributed along the solid domain, i.e., 
according to constructal principle of optimal 
distribution of imperfections. 
In the same viewpoint of analysis, Fig. 7 shows 
the influence of the ratio H1/L1 over the thermal field 
distribution in the solid domain for a fixed ratio of 
H0/L0. Figure 7 shows that for the lowest ratios of 
H1/L1 two hot regions of temperature are observed. 
As the ratio H1/L1 increases the two regions changed 
for four regions of hot temperature, in dissimilar way 
to that obtained for the effect of H0/L0 over the 
thermal field, where it was observed four points of 
high temperature in the corners of solid domain 
(further way from the cavity). 
 
 
 
Figure 6. Temperature field in the solid domain as 
a function of the ratio H0/L0. 
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Figure 7. Temperature field in the solid domain as 
a function of the ratio H1/L1. 
 
Figures 6 and 7 illustrate the search for the 
geometric configuration that minimizes the 
temperature field. It is possible to perceive 
individually the progress of each degrees of freedom 
defined in the solid domain.  
However, obtaining the minimized temperature 
field should take into account the interaction and 
possible combinations between degrees of freedom. 
Hence, the process performed in the complete domain 
of application finds the optimal solution in every 
search space. Finally, the new geometry is proposed 
presenting the configuration that minimized the 
temperature field and the comparison with the initial 
proposed configuration, Fig. 7. 
 
 
 
Figure 7. Comparison between the initial geometry 
and the final geometric configuration optimized. 
 
It is possible to verify in Fig. 7(a) the geometry 
initially proposed for the problem. However, it is 
noted that after the process of searching for the 
minimum temperature field on the proposed 
geometric configuration, the domain changed and 
thereby a new cavity is obtained which provides a 
minimized temperature field. Figure 7(b) shows the 
final geometric configuration for the problem with 
the minimized solution. In the comparison, it is 
possible to verify the temperature field twice 
minimized, (Tmax)mm, according to each degrees of 
freedom defined. The comparison between the 
temperature fields show that the original field has a 
poor distribution in comparison with the optimal one, 
which has 6 regions of higher magnitude. In other 
words, the cavity distribution must be performed in 
such way the highest temperature regions be 
uniformly distributed along the solid domain. 
 
CONCLUSIONS 
 
A study was carried out on heat transfer in 
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solids with complex cavity, evaluating the geometry 
with Constructal Design method. The present 
problem was submitted to constant cavity area and 
two degrees of freedom (H0/L0 and H1/L1). Other 
geometric variables were fixed. For each geometrical 
configuration, the heat diffusion equation was solved 
with the Finite Element Method (FEM). 
Results showed that Constructal Design was 
effective in the improvement of thermal performance 
of the evaluated system. For example, for H1/L1 = 0.6 
the best performance was five times better than that 
reached for the worst shape. Moreover, results 
showed that the distribution of temperature field is 
strongly affected by the geometry. The best 
performance is achieved when the vertical branches 
are thorough intruded in the solid domain and 
horizontal branch has an intermediate configuration, 
which leads to 6 regions of high temperature. In other 
words, the best shapes are obtained for the 
temperature fields with most homogeneous 
distribution of temperature field, according to 
constructal principle of optimal distribution of 
imperfections. 
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